Prelim Revision 1 Non-Calculator

30

Differentiate (a) g(x) =1In(3 —x) (x +5)3 3
(b) y= tan™'(3x?) 3
Given that z = 1 —/3i, find Zand express Z and Zz? in polar form
4
2x%42x—2 3
Express ————— in partial fractions
x —
Hence give the exact value for
32x%+2x—2
3 dx
i m 3
in the form In (n)
"3)-()=0)
Show that ( 3 3) =\
4
Where the integer n is greater than or equal to 3
Solve Z—z = 2x(y+ 1) giventhat y=5 whenx =0 >
Write down M; the 2 X 2 matrix associated with an anti-clockwise rotation of
% radians about the origin.
Write down M, the matrix associated with a reflection in the x-axis
Evaluate M, X M; and describe geometrically the effect of the transformation 5

represented by M, X M;
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Prelim Revision 1 Calculator 50

7 | The diagram shows part of the graph of a function f(x).
yt
(0,¢)
(20 / x

Sketch the graphs for y = f~1(x) and y = |f~1(x)] 4

clearly showing the points of intersection with the axes
8 | Given |z—2| =|z+i| wherez=x+1iy

Show that ax + by + ¢ = 0 for suitable values of a, b and ¢ 3

Indicate on an Argand Diagram the locus of complex numbers z which satisfy

|z —2| = |z +i] 1
9 | Acurveis defined by the equations x=t’+t—1,

y=2t2—t+2 forallt

Show that the point A(—1,5) lies on the curve and obtain an equation for the

tangent to the curve at point 4 6
10 | Use integration by parts to obtain

J 6x2 cos 2x dx .
11 | Use the Euclidean Algorithm to find integers x and y such that
599x + 53y =1 4
12 | Prove by contradiction that if x is an irrational number, then 1 + x is irrational. 4
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x5

A curve is defined by y = GiD®
(a) Use logarithmic differentiation to find %

(b) State the equations of any vertical and non-vertical asymptotes for this
curve.

14

Solve the differential equation (x + 1)Z—Z -3y =(x+1)*

Given that y = 16 when x = 1, express your answer in the form  y = f(x)

15

(a) Use the binomial expansion to express z% inthe form u + iv
where u and v are expressions involving sin 8 and cos 6

(b) Use de Moivre’s theorem write down a second expression for z4

(c) Using the results from (a) and (b) show that

cos 46
cos2 0

=pcos® 6 + qsec’ + 1, where =2 <9 <7
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Prelim Revision 1 — Answers
1a g'(x) = 33 X (x+5)3+In(3—x) x3(x+5)?
, (x+5)°
= 3In(3—x)(x+5) ~
1b B 1 o dy_ 1 du_
y=tan " u, u=3x7, - 1+u2 dx_6x
dy 6x . 6bx
dx 1+ (3x2)2 1+ 9x*
2 z = 1—+/3i so the the conjugateis z =1+ V3i,
in polar form z‘=2(cos£+isin£) and z* =4(cosz—n+isin2—n)
3 3 3 3
or z2=(1++3i)(1++V3)= —2+2V3i, inpolarform z2 =4(cosz?n+isin2?n)
3 Partial Fractions
2x% —2x —2 B 2x%2 —2x — 2 _A+ B N C
x3—x Cox(x+Dx-1)  x o x+1 x-1
2x2—2x—2=A(x*—-1)+Bx(x—1)+ Cx(x+ 1)
ifx=0 —2=—-A A=2
ifx=1 —-2=2C, C=-1 ifx=-1 2=2B, B=1
Hence
2x%2 —2x —2 _2+ 1 1
x(x+1D(x—-1) x x+1 x-—1
Integration
32x%2 —2x -2 32 31 31
[ty [(2p [ Lw [ La
2 xX°—x 2 X , x+1 , x—1
= 2Inx+In(x+1)—In(x—1)]3
I <x2(x+1)>l3
=|ln| ——
x—1
2
1 32 x4 | 22 x3 1 (36)_1 (3)
- M1 )7 2d) T2
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(n + 1) 3 (n) (n+1)! n!

3/ "31(n+1-3) 31(n-23)!
B (n+1)! n!
" 31(n—=2)! 3!(n—23)!

(n+1)! n!'(n—2)

“3In-2)! 31(n-3)(n-2)

~2i(n—-2)!

- (m+1)! nl(n-2)
" 3ln-2)! 3'(n-—2)!
B nn+1)—n'(n-2)

31(n—2)!
n'[(n+1) —(n—2)]

31(n—2)!
n![3]
~3l(n-2)!
3 xXn!
“3x2l(n—2)!

n = (721) as required

dy
i 2x(y + 1)

In(y+1)=x%2+C

As an implicit function

In(y+1)=x2+C

y =5 when x =0,
In6=0+C,
C=1In6

In(y+1)=x%2+1n6

As an explicit function
In(y+1)=x%+C
y+1= ex2+c
y = Ae*” — 1 where A = e°
y=5 when x =0
5=A4e°—-1, 5=4-1, A=6

y=6ex2—1
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6 cos= —sin—
_ 2) _ (0 -1 (1 0
My = (sin— cosg>_ (1 0) M, = (0 —1)
_ (1 0N 0O -1_0 -1 . . . _
M, X My = (O _1)(1 0)— (_1 0) this is a reflection in the line y = —x
7 | Theinverse function y = f~1(x) has intercepts at (¢, 0) and (0, —2)
The modulus function y = |f~1(x)| has intercepts at (¢,0) and (0,2)
y‘} Ya
(0,¢)
(0.2
(—2,0) g g
4 (c.0) T (60
~1(0,-2)
8 A
3.
2 .
2 |z —2| = |z —i]
|(x = 2) + iyl = |x + (y + D]
(x—2)2+y?=x*+(y+1)*
x2—4x+4+y*=x2+y*+2y+1
y 3 - —4x+4=2y+1
n 3
-bi 4 y=-—2x+ >
2020 Adv Higher Sl




9 | AtpointA -1=t>+t—-1, and 5=2t>—t+2
0=1t2+t, and 0=2t>—t—3
0=t(t+1) 0=0C2t-3)(t+1)
A common solution to both equations is t = —1, thus point A lies on the curve.
Y_gr—1 E=2t+1 @vo_ a4l
dt dat dx dt dx 2t+1
Whent =—-1, m=5 tangentis y =5x+ 10
10 1 1
f6x2 cos2x dx = 6x2% X > sin 2x — j 12x X 5 sin 2x dx
= 3x?sin 2x — 6jxsin2x dx
) 1 1
= 3x?sin 2x — 6[—§xc052x— j 1x —Ec052x dx
= 3x?sin2x + 3xcos2x — 3fc052x dx
. 3
3x2sin2x + 3xcos2x — Esm 2x+C
11 599 =53 x11+16 1=16—-3X%x5
53=16%Xx3+5 1=16—-3x(53—-16 x 3)
16=5%x3+1 1= -3%x534+10x16
5=1%x5+4+0 1= -3x%x53+10x(599—-53x11)
1=10x%x599—-113 X 53
x =10, y= —113
12 | Assume that 1 + x is a rational number and let 1+ x = % where a and b are integers.
Thus 1+x=2, x=2—1, x=ﬂ
b b b
Since a and b are integers, then it follows that a — b is also an integer and x = ab;b isa
rational number.
This is a contradiction.
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13 v =1 x°
EM G
Iny =Inx® — In(x + 1)*
Iny =5Inx —4In(x + 1)
ldy 5 4
ydx x x+1
dy (5 4 )
dx y x x+1
dy x5 ( x+5 )
dx  \(x+1D*) \x(x+1)
dy  x°+5x°
dx  x(x+1)5
x5 . . . _
(b) fory = Y there is a vertical asymptoteis x = —1
. . R _ 10x3+20x2+15x+4
Using polynomial long division y = x — 4 + Dt
The non-vertical asymptoteis y = x — 4
14 (x+1)ﬂ—3y=(x+1)4<—>—y——y=(x+1)3
dx dx x+1
2 dex = —3In(x+1), [=e 3+ = _t
x+1 ’ (x+1)3
1 d 1 3 1
4 4 (x + 1)

G+1Pdr (x+1)° x+1 (xt1)°

1 dy 3y _
G o) o=

Iyzfldx

y
7 C
CES ik

Giventhat y = 16whenx =1  2=1+(, C=1

2020
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z=u+iv=r(cosf +isin0)
z* = (cos @ + isin6)*
=cos*@ +4cos30 (isinf) + 6cos?0 (isinf)? + 4cos (isinf)3 + (isinh)*
=cos*0 + 4 cos? 0sinb (i) — 6 cos? O sin? & — 4 cos O sin O (i) + sin* 4

= (cos* @ + sin* § — 6 cos? O sin? 0) + i(4 cos3 Gsinf — 4 cos O sin3 )

Using de Moivre’s theorem z* = cos48 + i sin @

Given that
cos 40 + isin@ = (cos* O + sin* @ — 6 cos? G sin? @) + i(4cos® O sinh — 4 cos O sin3 6)

Using the real part cos 46 = cos* 8 + sin* & — 6 cos? 6 sin? @
Divide through by cos? 6

cos46 cos* 0 N sin*@ 6cos?6sin? 6
cos26 cos?6 cos?@ cos? 0

cos 460 sin* @

= — 6sin? 6
cos? 0 cos? 6

cos 40 1 — cos?6)?
= cos? 6 + ;_ 6(1 — cos? 0)

c 20 2
sin“d =1 —cos“ 0
’ cos2 @ cos2 0

Expand brackets and simplify

cos 40 1—2cos?8 +cos*0
= cos? 0 + —6(1 —cos?8)
cos2 6 cos2 6

1 2cos?0 cos*@

— -+
cos?0 cos?8  cos?6

= cos? 0 + — 6+ 6c0s?0

= cos® @ +sec?0 — 2 + cos? 0 — 6 + 6cos? 6O
= 8cos?6 +sec’0 —8

pcos?0 +qgsec?0 +r = 8cos?6 +sec’d —8

2020

Adv Higher Sl




